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Abstract
A set A ⊂ Cp(X) is uniformly dense in Cp(X) if, for any f ∈ Cp(X) and any ε > 0, there
is g ∈ A such that |g(x) − f (x)| < ε for all x ∈ X. We prove that, for many properties P , if a
uniformly dense subspace of Cp(X) has P then the whole Cp(X) has P . This is true, in particular,
for P ∈ {Lindelöf Σ-property, tightness  κ , network weight  κ , Fréchet–Urysohn property}. If
Cp(X) has a uniformly dense σ -compact subspace then X is compact. We give an example of
a compact space X such that ψ(Cp(X)) > ω while Cp(X) has a uniformly dense subspace of
countable pseudocharacter.
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0. Introduction
It is a widespread method to obtain information about a topological space considering
its dense subspaces. It has numerous applications in function spaces Cp(X) which have
very rich algebraic and topological structure; as a result, quite a few properties hold in
Cp(X) if discovered in a dense subspace of Cp(X). For example, if Cp(X) has a dense
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metrizable subspace then it is metrizable; if X is compact and Cp(X) has a dense Lindelöf
Σ-subspace then Cp(X) is Lindelöf Σ . However, there are still many properties P which
are not necessarily present in Cp(X) if some dense D ⊂ Cp(X) has P . A good example
is a discrete space X for which Cp(X) = RX has a dense σ -compact Fréchet–Urysohn
subspace while tightness of Cp(X) can be arbitrarily big. The same example shows that no
compactness properties of X are implied by existence of a σ -compact (or even countable)
dense subspace of Cp(X).
A set A⊂ Cp(X) is uniformly dense in Cp(X) if it is dense in the uniform topology on
C(X), i.e., for any f ∈ Cp(X) and any ε > 0 there is g ∈ A such that |g(x)− f (x)|< ε
for all x ∈ X. This concept arises naturally if uniform and/or compact-open topologies
are considered on function spaces; another important context is the area of applications of
Stone–Weierstrass theorem. If we consider a uniformly dense subspace of Cp(X) then we
have a much better approximation of Cp(X) than by a dense subspace. This gives hope
that many properties of uniformly dense subspaces of Cp(X) imply themselves in Cp(X).
We prove that this is indeed the case; another motivation for considering uniformly dense
subspaces of Cp(X) is that they are quite helpful when countable decompositions of spaces
Cp(X) are studied; one of the applications is the proof that every σ -metrizable Cp(X) is
metrizable [8].
In fact, there are quite a few scattered results which involve uniformly dense subspaces
of Cp(X); one of the first ones is a Corson’s theorem [2] which states that if a compact
space X has uncountable tightness then any uniformly dense subspace of Cp(X) has an
uncountable closed discrete subspace.
This paper is an attempt at a systematic study of the relationship between Cp(X) and its
uniformly dense subspaces. Our results show that a lot of new information can be obtained
in this way about the spaces Cp(X). We prove that if Cp(X) has a uniformly dense σ -
pseudocompact subspace then X is pseudocompact. If there is a σ -countably compact
uniformly dense subspace of Cp(X) then X is compact and Cp(X) has a uniformly dense
σ -compact subspace. There is a countable uniformly dense subspace of Cp(X) if and
only if X is compact and metrizable. It turns out that if Cp(X) has a uniformly dense
Lindelöf Σ-subspace then Cp(X) is Lindelöf Σ . The same is true for any given tightness,
network weight and the Fréchet–Urysohn property. In fact, we show that if Cp(X) has
a uniformly dense k-space then it is Fréchet–Urysohn; this strengthens a well-known
theorem of Gerlitz–Nagy and Pytkeev (see [4–6]). We also give examples of properties
which are not implied in Cp(X) by their presence in uniformly dense subspaces of Cp(X).
The most difficult one is an example of a compact non-separable space X for which Cp(X)
has a uniformly dense subspace of countable pseudocharacter.
1. Notation and terminology
All spaces are assumed to be Tychonoff. Given a space X, the family τ (X) is its
topology and τ (A,X)= {U ∈ τ (X): A⊂ U} for any A⊂ X. A family N of subsets of a
space X is called a network of X if every U ∈ τ (X) is a union of some subfamily of N .
The network weight nw(X) of a space X, is the minimal cardinality of a network in X.
A family U ω-covers a set X if, for every finite K ⊂X, there is U ∈ U such that K ⊂U .
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A space X is right-separated if there is a well-order < on X such that the set
Rx = {y ∈ X: x < y} is closed in X for each x ∈ X. The space X is left-separated if
there is a well-order < on X such that the set Lx = {y ∈ X: y < x} is closed in X for
each x ∈ X. Say that a family K of compact subsets of βX separates X from βX\X if,
for any x ∈ X and any y ∈ βX\X, there exists K ∈ K such that x ∈ K and y /∈ K . The
Nagami number Nag(X) of the space X is the minimal cardinality of a family K of closed
subsets of βX which separates X from βX\X. The extent ext(X) of a space X is the
supremum of cardinalities of closed discrete subspaces of X. If ϕ is a cardinal function
then hϕ(X)= sup{ϕ(Y ): Y ⊂X} and ϕ∗(X)= sup{ϕ(Xn): n ∈N}.
For any spaces X and Y the expression Cp(X,Y ) stands for the set of all continuous
maps from X to Y endowed with the pointwise convergence topology. We write Cp(X)
instead of Cp(X,R). If f,g ∈ Cp(X) and δ > 0 we say that g is δ-close to f if |f (x)−
g(x)|< δ for all x ∈X. A set A⊂ Cp(X) is called uniformly dense in Cp(X) if, for any
f ∈ Cp(X) and any ε > 0 there is g ∈A such that g is ε-close to f . If f ∈ Cp(X), ε > 0
and K is a finite subset of X then O(f,K, ε) = {g ∈ Cp(X): |g(x) − f (x)| < ε for all
x ∈K}. All possible sets O(f,K, ε) are called standard; they form a local base of Cp(X)
at f .
Given a cardinal κ , a function f :X → R is called strictly κ-continuous if, for any
A ⊂ X with |A|  κ , there is g ∈ Cp(X) such that g|A = f |A. The weak functional
tightness tm(X) of a spaceX is the minimal cardinal κ such that every strictly κ-continuous
function on X is continuous. A condensation is a continuous bijection. If there exists a
condensation of a space X onto a space Y , we say that X condenses onto Y . Given a
cardinal κ , a space X is called κ-stable if, for any continuous image Y of the space X, if Y
condenses onto a space of weight κ then nw(Y ) κ . The rest of our notation is standard
and follows [3,1].
2. Uniformly dense subspaces of Cp(X)
The first thing we must point out about uniformly dense subspaces of Cp(X) is that they
are very large; it can be said that they “almost coincide” with Cp(X).
Proposition 2.1. If X is an arbitrary space and A is uniformly dense in Cp(X) then X
embeds in Cp(A) as a closed subspace.
Proof. It is evident that A + f is uniformly dense and homeomorphic to A for any
f ∈ Cp(X) so we can assume that u ∈ A where u(x) = 0 for all x ∈ X. If x ∈ X and
F ⊂X is a closed subset of X with x /∈ F then there is f ∈ Cp(X) such that f (x)= 1 and
f (F )⊂ {0}. Take any g ∈A with |f (x)− g(x)|< 13 for all x ∈X. Then g(x) ∈ [ 23 , 43 ] and
g(F )⊂ [− 13 , 13 ] so g(x) /∈ g(F ).
This shows that the set A separates points and closed subsets of X so the evaluation
map e :X → Cp(A) defined by e(x)(f ) = f (x) for all f ∈ A, is an embedding [1,
Proposition 0.5.4]. The proof that e(X) is closed in Cp(A) goes like the proof of the same
fact for D-separating families [1, Proposition III.2.2]. Formally, A is not necessarily D-
separating, so we will briefly outline the proof.
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The set P = {ϕ ∈ Cp(A): ϕ(u) = 0} is closed in the space Cp(A); observe that
e(x)(u) = u(x) = 0 and hence e(x) ∈ P for every x ∈ X. Therefore e(X) ⊂ P and
it suffices to show that e(X) is closed in P . Take any ϕ ∈ P\e(X). Since ϕ is
continuous at u and ϕ(u) = 0, there is ε > 0 and a finite K ⊂ X such that f ∈
A and f (K) ⊂ (−ε, ε) implies |ϕ(f )| < 12 . Since ϕ = e(x) for any x ∈ K and
e :X → e(X) is a homeomorphism, there exists U ∈ τ (K,X) such that ϕ /∈ e(U).
It is easy to construct f ∈ Cp(X) such that f (K) ⊂ {0} and f (X\U) ⊂ {1}. For
δ = min{ε, 14 } take any g ∈ A which is δ-close to f ; then g(K) ⊂ (−ε, ε) and
g(X\U) ⊂ [ 34 , 54 ]. Consequently, ϕ(g) ∈ [− 12 , 12 ] while e(x)(g) ∈ [ 34 , 54 ] for each x ∈
X\U and therefore ϕ /∈ e(X\U). Thus ϕ /∈ e(X), i.e., e(X) is closed in P and hence
in Cp(A). ✷





(4) if A is κ-stable for some cardinal κ then Cp(X) is also κ-stable.
Proof. (1) It is evident that nw(A)  nw(Cp(X)). Now, since X embeds in Cp(A)
by Proposition 2.1, we have nw(Cp(X)) = nw(X)  nw(Cp(A)) = nw(A) so nw(A) =
nw(Cp(X)).
(2) We have d(Cp(X))  d(A) because A is dense in Cp(X) (the uniform density
is not needed for this inequality). Now, assume that d(Cp(X)) = κ and take any dense
Y ⊂ Cp(X) with |Y | = κ . For each f ∈ Y and each n ∈ N there is wfn ∈ A which is 1n -
close to f . The sequence Sf = {wfn : n ∈N} converges uniformly to f so f ∈ Sf . The set
Z =⋃{Sf : f ∈ Y } is contained in A and |Z| κ . Since Y ⊂ Z, the set Z is dense in A so
d(A) κ = d(Cp(X)).
(3) We have q(Cp(A))= tm(A) [1, Theorem II.4.16] and q(X) q(Cp(A)) because X
embeds inCp(A) as a closed subspace by Proposition 2.1. As a consequence, tm(Cp(X))=
q(X) q(Cp(A))= tm(A).
(4) If A is κ-stable then the space Cp(A) is κ-monolithic [1, Theorem II.6.8] so X is
also κ-monolithic. Now apply [1, Theorem II.6.8] again to conlcude that Cp(X) is also
κ-stable. ✷
Proposition 2.3. Suppose that A is a uniformly dense subspace of Cp(X). Then Cp(X)=⋂{Cn: n ∈N} where Cn ⊂RX is a continuous image of A× [− 1n , 1n ]X for each n ∈N.
Proof. Define a map ϕn :A × [− 1n, 1n ]X → RX by ϕn(f,g) = f + g for each (f, g) ∈




]X. It is clear that ϕn is a continuous map. Given any n ∈ N and any
h ∈ Cp(X), there exists f ∈ A such that |h(x)− f (x)|< 1n for all x ∈ X. Consequently,
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g = h− f ∈ [− 1 , 1 ]X and h = f + g which shows that Cp(X) ⊂ Cn for all n ∈ N, i.e.,n n
Cp(X)⊂⋂{Cn: n ∈N}.
Now, if h ∈⋂{Cn: n ∈ N} then there is a sequence {fn: n ∈ N} ⊂ A ⊂ Cp(X) such
that |fn(x)− h(x)| 1n for all x ∈X and n ∈N. This shows that the sequence {fn: n ∈N}
converges uniformly to h so h ∈Cp(X). ✷
Call a topological property P complete if it is invariant under continuous images,
countable products, multiplication by compact spaces and closed subspaces.
Corollary 2.4. Let P be a complete property. If A is uniformly dense in Cp(X) and A has
P then Cp(X) also has P .
Proof. By Proposition 2.3, we have Cp(X) = ⋂{Cn: n ∈ N} where each Cn has
the property P . Therefore Cp(X) embeds in the product
∏{Cn: n ∈ N} as a closed
subspace [3, Corollary 3.11.7] and therefore it also has P . ✷
Corollary 2.5. If A is uniformly dense in Cp(X) then
(1) l((Cp(X))ω) l(Aω). In particular, if Aω is Lindelöf then (Cp(X))ω is also Lindelöf.
(2) Nag(Cp(X))  Nag(A); in particular, if A is Lindelöf Σ-space then Cp(X) is a
Lindelöf Σ-space.
(3) If A is K-analytic then Cp(X) is also K-analytic.
(4) If A is analytic then Cp(X) is also analytic.
Proof. Observe that the property of being K-analytic as well as the properties l(Xω) κ
and Nag(X) κ are complete for any infinite cardinal κ [10]. This proves (1)–(3). Now, if
A is analytic then it has a countable network. Thus the space Cp(X) is K-analytic by (3)
and has a countable network by Proposition 2.2(1). Therefore Cp(X) is analytic. ✷
Theorem 2.6. If A is a uniformly dense subspace of Cp(X) then t (A) = t (Cp(X)). In
particular, if Cp(X) has a uniformly dense subspace of countable tightness then Cp(X)
also has a countable tightness.
Proof. Clearly, it suffices to show that t (Cp(X))  κ = t (A). Recall that U ⊂ τ (X) is
called an open ω-cover of X if, for any finite K ⊂ X, there is U ∈ U with K ⊂ U . It
suffices to prove that for any open ω-cover U of the space X, there is U ′ ⊂ U such that U ′
is an ω-cover of X and |U ′| κ [4].
Without loss of generality we can assume that u1 ≡ 1 ∈ A. Given f ∈ A, let S(f ) =
{x ∈X: f (x) 1/3}; consider the set P = {f ∈A: S(f )⊂U for some U ∈ U}. Observe
that the function u1 is in the closure of P . Indeed, if K is a finite subset of X and ε > 0
then there is U ∈ U such that K ⊂U ; take any h ∈ Cp(X) with h|K ≡ 1 and h|(X\U)≡ 0.
SinceA is uniformly dense in Cp(X), there is f ∈A such that |f (x)−h(x)|< min{1/3, ε}
for all x ∈X. Then f (x) < 1/3 for all x ∈X\U and |f (x)− 1|< ε for all x ∈K , which
shows that S(f )⊂ U and f (x) is ε-close to u1(x) for all x ∈K . Therefore u1 ∈ P ; since
t (A) κ , there is B ⊂A with |B| κ such that u1 ∈ B . For each f ∈ B fix Uf ∈ U such
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that S(f )⊂ Uf ; then U ′ = {Uf : f ∈ B} ⊂ U has cardinality  κ . Given a finite K ⊂ X,
there is f ∈ B such that |f (x)− 1|< 1/3 for all x ∈K; thus f (x) > 2/3 for all x ∈K and
hence K ⊂ S(f )⊂Uf . ✷
Theorem 2.7. For an arbitrary space X, if A is a k-space that is uniformly dense in Cp(X)
then Cp(X) is a Fréchet–Urysohn space. In particular, if Cp(X) contains a uniformly
dense sequential space then Cp(X) is Fréchet–Urysohn.
Proof. Let us prove first that ext(Xn)  ω for any n ∈ N. If this is not true, fix an
uncountable closed discrete D ⊂ Xn for some n ∈ N. Given any f ∈ A and m ∈ N,
let U(f,m) = {x ∈ X: f (x) < m}. The set Pm = {f ∈ A: |(U(f,m))n ∩ D|  m} is
closed in A for each m ∈ N. Indeed, if h /∈ Pm then (U(h,m))n ∩D has at least m+ 1
elements; choose distinct z1, . . . , zm+1 ∈ (U(h,m))n∩D. We have zi = (zi1, . . . , zin)where
h(zik) < m for all i m+1 and k  n. The setO(h)= {f ∈A: f (zik) < m for all i m+1
and k  n} is open in A and, for any f ∈O(h), we have {z1, . . . , zm+1} ⊂ (U(f,m))n ∩D
which shows that O(h)∩Pm = ∅.
Take any w ∈A with |w(x)| 12 for all x ∈X. Then U(w,m)=X for any m ∈N so the
set (U(w,m))n∩D =D is even uncountable which implies that w /∈ P =⋃{Pm: m ∈N}.
However, w ∈ P ; to see this, take any finite K ⊂ X and any ε > 0; since D is closed
and discrete in Xn there is V ∈ τ (K,X) and k ∈ N such that k > 1 and |V n ∩ D|  k.
Pick any f ∈ Cp(X) such that f |K =w|K and f |(X\V )≡ k + 1. Let δ =min{ 14 , ε}; use
uniform density of A to find g ∈ A that g is δ-close to f . Then g(x) > k for all x ∈X\V
and |g(x)−w(x)|< ε for all x ∈K which shows that g ∈O(w,K,ε) ∩ Pk and therefore
w ∈ P .
As a consequence, the set P is not closed in A so there is a compact C ⊂ A such that
C ∩ P is not closed in C. We proved that every Pm is a closed subset of A so C is not
contained in P1 ∪ · · · ∪ Pl for any l ∈ N. Thus there is a sequence {ml : l ∈ N} ⊂ N such
that Pml ∩C = ∅ and ml →∞ if l→∞. Choose fl ∈ Pml ∩C for all l ∈N; observe that
Xn\(⋃{(U(fl,ml))n: l ∈ N}) = ∅ because each (U(fl,ml))n covers only finitely many
points of D and D is uncountable. Take any z= (z1, . . . , zn) ∈Xn\(⋃{(U(fl,ml))n: l ∈
N}) and observe that we have sup{fl(zi): 1 i  n}→∞ when l→∞ which contradicts
the fact that C(x) = {h(x): h ∈ C} has to be bounded in R for each x ∈ X. This
contradiction proves that ext(Xn) ω for all n ∈N.
Pytkeev proved in [6] that ext∗(X)  ω implies that t (K)  ω for each compact
K ⊂ Cp(X). In particular, t (K)  ω for each compact K ⊂ A. Since A is a k-space, we
have t (A)= ω and hence t (Cp(X))= ω by Theorem 2.6.
Given a family {Xn: n ∈N} of subsets of X, we write Xn →X if every x ∈X belongs
to all but finitely many Xn’s. Now, X has property ϕ (we denote this by X  ϕ), if, for any
ω-cover U of the space X such that U =⋃{Un: n ∈N} and Un ⊂ Un+1 for all n ∈N, there
exists a family {Xn: n ∈ N} of subsets of X such that each Xn is ω-covered by some Ukn
and Xn →X.
Our next step is to prove that X  ϕ; suppose that this is false and choose an ω-cover
U of the space X such that U =⋃{Un: n ∈N}, Un ⊂ Un+1 for all n ∈ N and U witnesses
that X does not have ϕ.
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Let Bn = {f ∈A: U(f,n) is ω-covered by Un} for each n ∈N. The set Bn is closed in
A for each n ∈ N; indeed, if h ∈ A\Bn then U(h,n) is not ω-covered with Un so there is
a finite K ⊂ U(h,n) such that no element of Un contains K . Then G= {f ∈ A: for any
x ∈K we have f (x) < n} is an open neighbourhood of h in A and G⊂A\Bn.
On the other hand, the set B =⋃{Bn: n ∈N} is not closed in A because w ∈ B\B (see
the second paragraph of this proof for the definition of w). Indeed, given any m ∈ N, we
have w /∈ Bm because U(w,m)=X and X can not be ω-covered by Um for otherwise we
can take Xn = X for all n ∈ N obtaining the sequence Xn → X with all Xn’s ω-covered
by Um.
To see that w ∈ B , take any finite K ⊂X and ε > 0. Since U is an ω-cover of X there
is m ∈ N and U ∈ Um such that K ⊂ U . Pick any f ∈ Cp(X) such that f |K = w|K
and f |(X\U) ≡ m + 1. Let δ = min{ 14 , ε}; use uniform density of A to find g ∈ A
that g is δ-close to f . Then g(x) > m for all x ∈ X\U and |g(x) − w(x)| < ε for all
x ∈ K which shows that g ∈ O(w,K,ε). Since U(g,m) ⊂ U we also have g ∈ Bm so
g ∈O(w,K,ε) ∩Bm and therefore w ∈B .
Apply k-property of A to find a compact F ⊂ A such that F ∩ B is not closed in F .
For any x ∈X there n(x) ∈ N such that f (x) < n(x) for every f ∈ F . Letting Xn = {x ∈
X: n(x) n} for all n ∈ N we have Xn ⊂ Xn+1 for each n ∈ N and X =⋃{Xn: n ∈ N};
as a consequence, Xn → X. The family U witnesses the negation of X  ϕ so there is
m ∈N such that no Uk ω-covers Xm. This implies C ∩Bn = ∅ if nm. Indeed, if n > m
and f ∈ Bn then U(f,n) is ω-covered with the family Un while Xm is not ω-covered by
Un. This implies Xm\U(f,n) = ∅; if x ∈ Xm\U(f,n) then f (x)  n > m so f /∈ F by
the definition of Xm. We proved that F ∩ B =⋃{F ∩ Bi : i  m} is a closed set; this
contradiction shows that X has the property ϕ. To finish our proof observe that Gerlitz and
Nagy proved in [4] that if t (Cp(X)) = ω and X  ϕ then Cp(X) is a Fréchet–Urysohn
space. ✷
Corollary 2.8. There is no uniformly dense k-space in the space Cp([0,1]). In particular,
no dense subalgebra of Cp([0,1]) is a sequential space.
Proof. It is known that Cp([0,1]) is not Fréchet–Urysohn [9] so apply Theorem 2.7 to
finish the proof. ✷
Theorem 2.9. Assume that A is a uniformly dense subspace of Cp(X). Then
(1) hd(Cp(X)) = hd(A); in particular, if Cp(X) has a uniformly dense hereditarily
separable subspace then Cp(X) is hereditarily separable;
(2) hl(Cp(X)) = hl(A); in particular, if Cp(X) has a uniformly dense hereditarily
Lindelöf subspace then Cp(X) is hereditarily Lindelöf ;
(3) s(Cp(X))= s(A); in particular, ifCp(X) has a uniformly dense subspace of countable
spread then s(Cp(X))= ω.
Proof. Clearly, it suffices to prove that ϕ(Cp(X))  ϕ(A) for any ϕ ∈ {hd,hl, s}. To
obtain contradiction suppose that κ = ϕ(A) and ϕ(Cp(X))  κ+; we can pick a set
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D ⊂ Cp(X) such that |D| = κ+ and D is left-separated for (1), right-separated for (2)
and discrete for (3). In cases (1) and (2) let < be the respective order on D.
In all cases (1)–(3), for each f ∈D there is a finite Kf ⊂ X and nf ∈ N such that the
standard open set Wf =O(f,Kf , 1nf ) witnesses the corresponding property of D: in case
(1) we have Wf ∩D ⊂ {g ∈D: f  g}, in case (2) we obtain Wf ∩D ⊂ {g ∈D: g  f }
and the equality Wf ∩D = {f } holds in case (3). In all three cases taking a subset D′ ⊂D
of cardinality κ+ gives a set with the same property so we can consider that there is n ∈N
such that nf = n for all f ∈D.
Given an arbitrary f ∈ D, apply uniform density of A to find wf ∈ A such that
|wf (x) − f (x)| < 13n for all x ∈ X. In cases (1) and (2) let wf < wg if f < g; the set
E = {wf : f ∈D} ⊂A can not be left-separated in case (1) so there are f,g ∈D such that
g < f and wg ∈ O(wf ,Kf , 13n). As a consequence, |g(x)− f (x)|  |g(x)− wg(x)| +
|wg(x) − wf (x)| + |wf (x) − f (x)| < 13n + 13n + 13n = 1n for all x ∈ Kf and therefore
g ∈Wf which is a contradiction with the choice of Wf .
If case (2) is under consideration then the set E can not be right-separated so there are
f,g ∈D such that f < g and wg ∈ O(wf ,Kf , 13n). As a consequence, |f (x)− g(x)|
|f (x)−wf (x)| + |wf (x)−wg(x)| + |wg(x)− g(x)|< 13n + 13n + 13n = 1n for all x ∈Kf
and therefore g ∈Wf which is again a contradiction with the choice of Wf .
Finally, in case (3) the set E can not be discrete so there are f,g ∈D such that f = g
and wg ∈O(wf ,Kf , 13n). As a consequence, |f (x)−g(x)| |f (x)−wf (x)|+ |wf (x)−
wg(x)| + |wg(x)− g(x)|< 13n + 13n + 13n = 1n for all x ∈Kf and therefore g ∈Wf which
is once again a contradiction with the choice of Wf . ✷
Remark 2.10. No results stated in 2.2–2.9 are true if we only assume density of A in
Cp(X). The discrete space X of cardinality ω1 is the example that witnesses this. Indeed,
Cp(X) is homeomorphic to Rω1 which is separable and hence has a dense hereditarily
Lindelöf and hereditarily separable subspace. Of course, Rω1 is neither Lindelöf nor has
countable spread. It also has a dense σ -compact Fréchet–Urysohn subspace while Cp(X)
does not have countable tightness. However we have tm(Cp(X)) = ω in this case so
another example must be given to show that if A is dense in Cp(X) and tm(A) = ω
then Cp(X) can have uncountable functional tightness. To see this take X = ω1. Then
tm(Cp(X))= q(X)= ω1 and X condenses onto a scattered compact space. Thus the space
Cp(X) has a dense Fréchet–Urysohn subspace.
If we consider a compact space X then often a property in a dense subspace of Cp(X)
implies itself in Cp(X). This happens, for example, if Cp(X) has a dense Lindelöf Σ-
subspace or a dense K-analytic subspace. Thus there is usually no point in considering
uniformly dense subspaces here. As to σ -compact dense subspaces, it is worth to formulate
the following statement which is well known as a folklore. Its proof is an easy combination
of the Stone–Weierstrass theorem [3, Theorem 3.2.21] and the fact that any pseudocompact
space which embeds in Cp(K) for some compact K , is compact [1, Theorem IV.5.5].
Proposition 2.11. If X is a compact space then the following conditions are equivalent:
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(1) Cp(X) has a dense σ -compact subspace;
(2) Cp(X) has a dense σ -countably compact subspace;
(3) Cp(X) has a dense σ -pseudocompact subspace;
(4) Cp(X) has a uniformly dense σ -compact subspace.
Theorem 2.12. Given a space X, assume that A is uniformly dense in Cp(X).
(1) If A is σ -pseudocompact then X is pseudocompact.
(2) If A is σ -countably compact then X is compact.
(3) If A is countable then X is compact and metrizable.
Proof. (1) Suppose that A=⋃{Kn: n ∈N} is uniformly dense in Cp(X) and each Kn is
pseudocompact. If X is not pseudocompact then there is a closed discrete D = {dn: n ∈
ω} ⊂ X which is C-embedded in X. For each n ∈ ω, the set Kn(dn) = {f (dn): f ∈ Kn}
is bounded in R so we can take rn ∈ R such that f (dn)+ 1 < rn for each f ∈ Kn. The
function r :D → R defined by r(dn) = rn, is continuous so there is h ∈ Cp(X) such
that h|D = r . There exists n ∈ ω and f ∈ Kn such that f is 12 -close to h. In particular,
|f (dn) − h(dn)| < 12 while |f (dn) − h(dn)| = rn − f (dn) > 1 by the choice of rn. This
contradiction shows that X is pseudocompact.
(2) If A is σ -countably compact then X is pseudocompact by (1). The space X is
homeomorphic to a closed pseudocompact subset of Cp(A) by Proposition 2.1. Any closed
pseudocompact subset of Cp(A) has to be compact [1, Theorem IV.5.5] so X is compact.
(3) If A is countable then it is σ -compact whence X is compact by (2). Any compact X
with separable Cp(X) is metrizable so our proof is complete. ✷
Example 2.13. There exist non-compact spaces X for which the whole Cp(X) is σ -
pseudocompact [7] so the existence of a σ -pseudocompact uniformly dense A ⊂ Cp(X)
does not imply compactness of X.
Example 2.14. If X = A(c) is the one-point compactification of the discrete space of
cardinality c then Cp(X) has a uniformly dense subspace of countable pseudocharacter.
Thus existence in Cp(X) of a uniformly dense subspace of countable pseudocharacter
does not imply countable pseudocharacter in Cp(X).
Proof. Fix any set T with |T | = c; take any point a /∈ T and introduce in the set
X = T ∪ {a} a topology like in A(c), i.e., all points of T are declared isolated in X and
U ∈ τ (a,X) if and only if a ∈ U and T \U is finite. It is evident that the space X is
homeomorphic to A(c).
Denote by Fin(T ) the family of all finite subsets of T . Observe that the set R =⋃{RP : P ∈ Fin(T )} has cardinality c and fix an enumeration {hα : α < c} of the set
R. For any α < c, let Sα be the finite set P for which hα ∈ RP . It is easy to find a
disjoint family T = {Tα: α < c} such that T =⋃T and each Tα is countably infinite,
i.e., Tα = {tαn : n ∈N} where tαn = tαm if n =m.
For each α < c and m ∈N define a point wmα ∈RX as follows: wmα (a)= 0 and wmα (t)=
hα(t) for all t ∈ Sα ; if t ∈ {tαn : nm} ∪ (T \(Sα ∪ Tα)) then wmα (t)= 0; if t = tαn ∈ Tα\Sα
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and n > m then wmα (t) = 1/n. Let Bm = {wmα : α < c} and B =
⋃{Bm: m ∈ N}. IfQmα = Sα ∪ {tαi : i > m} then it is immediate that {wmα (t): t ∈Qmα } is a sequence which
converges to zero and wmα (t)= 0 for all t ∈ T \Qmα . This shows that wmα ∈Cp(X) for each
m ∈ N and α < c. Given any r ∈ R, let ur be the function on X with ur(x)= r for each
x ∈X. Consider the set A= {w+ ur : w ∈B and r ∈R}.
The set A is uniformly dense in Cp(X). To prove this, take any f ∈ Cp(X) and any
ε > 0; if f (a)= r then there exists a set D = {sn: n ∈ N} ⊂ T such that f (sn)→ r and
f (t)= r for all t ∈ T \D. There exists m ∈N such that 1/m < ε/2 and |f (si)− r|< ε/2
for all i m. Observe that the function fm = (f − ur)|{si : i m} belongs to the set R;
take any α < c such that Sα = {si : i  m} and hα = fm. Then g = wmα + ur ∈ A and
we have g(si) = f (si) for all i  m. As a consequence, |g(t) − f (t)| = 0 < ε for all
t ∈ Sα . For any t ∈ T \Sα = T \{si : i  m} we have |g(t) − r| = |wmα (t)|  1/m < ε/2.
Thus, if t ∈ T \D then |g(t)− f (t)| = |g(t)− r|< ε/2 < ε. If t = si for some i > m then
|g(t)−f (t)| |g(t)− r|+ |r−f (t)|< ε/2+ ε/2= ε. This shows that |f (x)−g(x)|< ε
for all x ∈X and hence A is uniformly dense in Cp(X).
To see that ψ(A)  ω, take any f = wmα + ur ∈ A. The set Bf = Tα ∪ Sα ∪ {a} is
countable; suppose that g = wkβ + us ∈ A and g|Bf = f |Bf . Then g(a) = r and hence
s = r . If α = β then Tα ∩ Tβ = ∅; take any t = tαn ∈ Tα\(Sα ∪ Sβ) with n > m. Then
t ∈ Bf and f (t)= 1n = 0= g(t) which is a contradiction. This shows that α = β . The set
E = {h ∈ Cp(X): h|Bf = f |Bf } is a Gδ-set in Cp(X) and we proved that that f ∈E ∩A
and E∩A⊂ {wmα +ur : m ∈N}. It turns out that for any f ∈A there is aGδ set E′ =E∩A
in A such that f ∈ E′ and E′ is countable. This implies that {f } is a Gδ-set in A, i.e.,
ψ(f,A) ω. Since the function f ∈A was chosen arbitrarily, we proved that ψ(A) ω.
Therefore A is a uniformly dense subspace of Cp(X) with ψ(A) ω. ✷
3. Unsolved problems
As usual, there are more unsolved questions than solved ones. The author lists the top
ten problems he could not solve while working on this paper.
Problem 3.1. Suppose that Cp(X) has a uniformly dense Lindelöf subspace. Must Cp(X)
be Lindelöf?
Problem 3.2. Suppose that Cp(X) has a uniformly dense normal subspace. Must Cp(X)
be normal?
Problem 3.3. Suppose that Cp(X) has a uniformly dense perfectly normal (or hereditarily
normal) subspace. Must Cp(X) be perfectly normal?
Problem 3.4. Suppose that Cp(X) has a uniformly dense realcompact subspace. Must
Cp(X) be realcompact?
Problem 3.5. Suppose that Cp(X) has a uniformly dense subspace which condenses onto
a second countable space. Must Cp(X) condense onto a second countable space?
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Problem 3.6. Suppose that Cp(X) has a uniformly dense ω-monolithic subspace. Must
Cp(X) be ω-monolithic?
Problem 3.7. Suppose that A is uniformly dense in Cp(X) and ext(A)= ω. Is necessarily
ext(Cp(X))= ω?
Problem 3.8. Suppose that Cp(X) has a uniformly dense radial space. Must Cp(X)
be Fréchet–Urysohn? What happens if Cp(X) has a uniformly dense linearly ordered
subspace?
Problem 3.9. Suppose that Cp(X) has a uniformly dense pseudoradial space. Must Cp(X)
be pseudoradial?
Problem 3.10. Find a general method of constructing uniformly dense subspaces in Cp(X)
for non-compact spaces X. (If X is compact, a general method is to take any B ⊂ Cp(X)
that separates the points of X; then the algebra A, generated by B , is uniformly dense
in Cp(X).)
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